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Abstract. Let if be a field and G be a finite group. Let G act on the rational 
function field K(x(g) : g E G) by K automorphisms defined by g ■ x(h) — x{gh) for 
any g,h 6 G. Denote by K{G) the fixed field K(x(g) : g € G) G . Noether's problem 
then asks whether K{G) is rational over K . Theorem. Let G be a group of order 
p n for n > 2 with an abelian subgroup H of order p™ -1 , and let G be of exponent p e . 
Assume that H — H\ x H 2 x • • • x H s for some s > 1 where ii., ~ C ^ x {C p ) kj and 
iij is normal in G for 1 < j < s, < kj, 1 < i\ < ii < ■ ■ ■ < i s . Assume also that (i) 
char K — p > 0, or (ii) char K ^ p and K contains a primitive p e -th. root of unity. 
Then K{G) is rational over K . 



1. Introduction 

Let K be a field and G be a finite group. Let G act on the rational function field 
K(x(g) : g £ G) by K automorphisms defined by g ■ x(h) = x(gh) for any g,h G G. 
Denote by K(G) the fixed field K(x(g) : g G G) G . Noether's problem then asks whether 
K(G) is rational (= purely transcendental) over K. It is related to the inverse Galois 
problem, to the existence of generic G-Galois extensions over k, and to the existence of 
versal G-torsors over fc-rational field extensions (see \Sw\ ISal] and |GMSl 33.1, p. 86]). 

The following well-known theorem gives a positive answer to the Noether's problem 
for abelian groups. 

Theorem 1.1. (Fischer |Sw| Theorem 6.1]) Let G be a finite abelian group of exponent 
e. Assume that (i) either char K = or char K > with char K \ e, and (ii) K 
contains a primitive e-th root of unity. Then K(G) is rational over K . 
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Swan's paper |Sw] also gives a survey of many results related to the Noether's prob- 
lem for abelian groups. In the same time, just a handful of results about Noether's 
problem are obtained when the groups are non abelian. 

We are going to list several results obtained recently by Kang: 

Theorem 1.2. ( [Kalj Theorem 1.5]) Let G be a metacy clic p- group with exponent p e , 
and let K be any field such that (i) char K = p, or (ii) char K ^ p and K contains a 
primitive p e -th root of unity. Then K(G) is rational over K . 

Theorem 1.3. ( |Ka2l Theorem 1.8]) Let n > 3 and let G be a non abelian p-group 
of order p n such that G contains a cyclic subgroup of index p 2 . Assume that K is any 
field satisfying that either (i) char K = p > 0, or (ii) char K ^ p and K contains a 
primitive p n ~ 2 -th root of unity. Then K(G) is rational over K . 

Theorem 1.4. ( [Ka3l Cor. 3.2]) Let K be afield and G be a finite group. Assume that 
(i) G contains an abelian normal subgroup H so that G/H is cyclic of order n, (ii) Z[£„] 
is a unique factorization domain, and (iii) ( e r G K where e' = lcm{ord(r), exp(H)} and 
t is some element of G whose image generates G/H. If G — > GL(V) is any finite- 
dimensional linear representation of G over K , then K(V) G is rational over K . 

The reader is referred to [OKI IHuKj for other previous results of Noether's problem 
for p-groups. It is still an open problem whether Theorem 11.41 could be extended for 
other similar types of meta- abelian groups with a cyclic quotient. Notice the condition 
that Z[£ n ] is a unique factorization domain is satisfied only for 45 integers n, listed in 
|Ka3j Theorem 1.5] (the proof is given by Masley and Montgomery [MM]). 

The purpose of this paper is to extend the above results for a certain class of p-groups 
with an abelian subgroup of index p. However, we should not "over-generalize" the 
above Theorems, because Saltman proves the following result. 

Theorem 1.5. (Saltman |Sa2j ) For any prime number p and for any field K with char 
K 7^ p (in particular, K may be an algebraically closed field), there is a meta-abelian 
p-group G of order p 9 such that K(G) is not rational over K. 

Let G be a group of order p n for n > 2 with an abelian subgroup H of order p n ~ l . 
Bender [Be2] determined some properties of these groups. In the following Lemma we 
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find a necessary and sufficient condition for the decomposition of if as a direct product 
of normal subgroups of G of the type C p b x (C p ) c . 

Lemma 1.6. Let G be a group of order p n for n > 2 with an abelian subgroup H 
of order p n ~ l . Assume that H is decomposed as a product of abelian groups in the 
following way: H ~ (C p ) k x C p i x x C p i 2 x • • • x C p h for 1 < i\ < i 2 < • • ■ < it and 
k + ii + i 2 + ■ ■ ■ + it = n — 1 . For 1 < j ' < t denote by aj the generator of the factor C i s . 
Choose arbitrary a G G such that a ^ H . Define the groups Hj = ( e Z) 

for 1 < j < t. 

Then H is a direct product of normal subgroups of G that are isomorphic to C p i x 
(C p ) c for some b, c : 1 < b, < c, if and only if the following two conditions are 
satisfied: 

(1) The p-th lower central subgroup G( p ) is trivial; (Recall that G(o) = G and Gm = 
[G, G(j_i)] for i > 1 are called the lower central series.) 

(2) For any j '• : 1 < j < t we have Hj (1 H p = (ct^)- 

Our main result is the following. 

Theorem 1.7. Let G be a group of order p n for n>2 with an abelian subgroup H of 
order p n ~ l , and let G be of exponent p e . Assume that H — Hi x H 2 x • • - x H s for 
some s > 1 where Hj ~ C ^ x {C p ) ki and Hj is normal in G for 1 < j < s, < kj, 1 < 
H < *2 ^ • • • ^ is- Assume also that (i) char K = p > 0, or (ii) char K ^ p and K 
contains a primitive p e -th root of unity. Then K{G) is rational over K . 

Bender also classified in [Belj the groups of order p 5 which contain an abelian sub- 
group of order p A . Their number is p + 39 (if p — 1 ^ 3k) and p + 41 (if p — 1 = 3fc). 
By studying the classification of all groups of order p 5 made by James in pa], we 
see that the non abelian groups with an abelian subgroup of order p A and that are 
not direct products of smaller groups are precisely the groups from the isoclinic fam- 
ilies with numbers 2,3,4,8 and 9. Notice that from these groups only the groups 
$ 4 (221)e, $ 4 (221)/ , $4(221)/ r and <E> 8 (32) do not satisfy the conditions of Theorem 

o 
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We organize this paper as follows. In Section [2] we recall some preliminaries which 
will be used in the proof of Theorem 11.71 We prove Lemma fL6l in Section |3j The proof 
of Theorem 11.71 is given in Section HI 

2. Generalities 
We list several results which will be used in the sequel. 

Theorem 2.1. QHK] Theorem 1]) Let G be a finite group acting on L(xi, . . . ,x m ), 
the rational function field of m variables over a field L such that 

(i) : for any a G G, c(L) C L; 

(ii) : the restriction of the action of G to L is faithful; 

(iii) : for any a G G, 



where A(a) G GL m (L) and B(a) is m x 1 matrix over L. Then there exist 
zi,...,z m e L(x-l, . . .,x m ) so that L(x 1 , ... ,x m ) G = L G (z 1 , . . . , z m ) anda(zi) = 
Zi for any a G G, any 1 < i < m. 

Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L(x), the ratio- 
nal function field of one variable over a field L. Assume that, for any a G G, o~(L) C L 
and a(x) = a a x + b a for any a a , b a G L with a a ^ 0. Then L(x) G = L G (z) for some 
z G L[x}. 

Theorem 2.3. ( [CK| Theorem 1.7]) If char K = p > and G is a finite p- group, then 
K(G) is rational over K . 

Finally, we give a Lemma, which can be extracted from some proofs in [Ka2^ IHuK] . 

Lemma 2.4. Let (r) be a cyclic group of order n > 1, acting on L(vi, . . . ,v n -i), the 
rational function field of n — 1 variables over a field L such that 

t : Vx h-> v 2 i-> • • • i-> u„_i h-> (vi ■ ■ -v^y 1 !->■ Vi. 

If L contains a primitive nth root of unity £ ; then K(vi, . . . , f n -i) = K(si, . . . , s n _i) 
where r : Sj i— >■ t^si for 1 < % < n — 1. 




NOETHER'S PROBLEM FOR p-GROUPS WITH AN ABELIAN SUBGROUP OF INDEX p 5 

Proof. Define w = 1 + v\ + v\v 2 + • ■ ■ + v\v 2 ■ ■ -v n -i,Wx = (l/w ) - l/n,w i+1 = 
(f it>2 • • • Vi/wo) — 1/n for 1 < i < n — 1. Thus K(vi, . . . , = K(w\, . . . , w n ) with 
W\ + w 2 + ■ ■ ■ + w n = and 

r : W\ i->- w 2 <->■••• !->■ W n _i I— t- U7 n I— )• It?!. 

Define = Xa<j<n £~^ w j for 1 < z < n — 1. Then . . . , u> n ) = if(si, • • • , s n -i) 

and t '. Sj i — y ^ l Si for 1 < i < n — 1. □ 

3. Proof of Lemma IT761 

/. Sufficiency. Assume that the conditions (1) and (2) from the statement of the 
Lemma are satisfied. Put /?i = at\. Since G^ = {1}, there exist (3 2 , . . . , (3 k e H for 
some k : 2 < k < p such that [/3j, a] = where 1 < j < k — 1 and 7^ 1 is central. 
(Of course, it might happen that (3% is central. Since this case is trivial, we will not 
discuss it henceforth.) 

We are going to show now that the order of f3 2 is not greater than p. 

From [Pj, a] = (3j + i it follows the well known formula 

(3.1) a~P(3 ia p = PipjppP ■ ■ ■ /3 P (A) /Vi, 

where we put fik+i = ■ ■ ■ = f3 p +i = 1. Since a p is in H, we obtain the formula 

Hence ((3 2 • Ylj^ 2 ^j J ) P = ^ ^ OT some integers aj. This identity clearly is impossible if 
the order of /3 2 is greater than p. 

Next, it is obvious that Hj is normal in G for any j and H = (C p ) k HiH 2 ■ ■ ■ H t . If 
[a, «i] G (af 1 ), then is normal in G and fl {C p ) k H 2 ■ • ■ H t = {1}. 

81 — 1 

Now, assume that [at, an] (af ). From Hi fl H p = (off) and Gr p \ = {1}, now it 
follows that Hi ~ x (C p ) fel for some ki > 0. 

Further, we can adjust the generators of H 2 , . . . , H t so that fl (H 2 ---H t ) = 
{1}. For example, if we assume that [a, ati] = [a,a 2 ], we can define a 2 = a 2 ot{ x 
and get [a, a' 2 ] = 1. Define H 2 = (a~ x a' 2 a x ). Clearly, H = (C p ) k H{H. 2 ■ ■ ■ H t and 
Hi PI H 2 = {1}. With similar changes of the generators we can treat the more general 
case [a x , ati] = [a 27 , a 2 ] z . Proceeding by induction we will obtain a decomposition 
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H = {CpfUiHi ■■■Ht such that Hj H {H j+ i ■ ■ ■ H t ) = {1} for any j. Therefore H = 
Ni X • • • X N r X Hi X • • • x % t where Ni, . . . , N r are normal groups of the type (C p ) a . 

II. Necessity. Assume that H — N\ x • • • x N r x Hi x • • • x Ht where N\,...,N r 
are normal groups of the type (C p ) a and Hi, . . . ,Ht are normal groups of the type 
C p b x (Cp) c . 

Suppose that G( p ) ^ {1}. Then we can assume that there exist 0i, ■ ■ ■ , p +i G "Hi 
such that [f3j, a] = where 1 < j < p and j5 p+ \ ^ 1. (We again assume that j5\ is 
the generator of the factor of the type C p b.) From the identity (13. ip it follows that 

$ $ . . . ptr 1 ) fat = i. 

Hence 02 will have an order bigger than p, which is a contradiction. Therefore, G( p ) = 
{I}- 

Now, suppose that there exists some generator ctj G Hj such that [a, <x,] ^ (a? ) 
and Hj HHP ^ (a P ). 

Next, consider the particular case Hj < Tij. Then there exists x G 7L such that 
[c^-jCr 1 ] ^ (a P ) and [aj,^] G Hj fl H p = 1-L P . Hence Hj can not be of the type 
C p b x (C p ) c , a contradiction. 

Finally, consider the general case when ctj is decomposed in an unique way as a 
product of elements from some normal factors Ni and Hk (l<2<r, 1 < k < t). 
Assume again that HjPiH p ^ (°^)- Then there exists i6Z such that [aij, a x ] = (3 P for 
some (3 G H, where (a P ). From the uniqueness of the decompositions of [a^a^] 
and as products of elements from the normal factors, it follows that we can reduce 
this general case to the particular case we just considered. We are done. 

4. Proof of Theorem 11.71 

If char K = p > 0, we can apply Theorem 12.31 Therefore, we will assume that char 
K^p. 

Recall that H — H% x H 2 x • • • x H s , where Hj ~ C plj x (C p ) hj . Denote by 0\ the 
generator of the direct factor C pH and put k = k\. Then there exist 02, ■ ■ ■ , 0k G Hi 
such that [0j, a] = 0j+i, where 1 < j < k — 1 and k ^ 1 is central. 

We divide the proof into several steps. We are going now to find a faithful represen- 
tation of G. 
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Step 1. Let V be a f^-vector space whose dual space V* is denned as V* = © geG K ■ 
x(g) where G acts on V* by h-x(g) = x(hg) for any h,g G G. Thus K(V) G = K(x(g) : 
g e G) G = K(G). 

Define X u X 2 ,...,X k G V* by 

x i= e *(n#n> 

for 1 < j ' < k. Note that (3j ■ Xi = Xi for j ^ i. Let C p n G K be a primitive p n -th root 
of unity and let ( be a primitive p-th root of unity. Define Y"i, Y 2 , . . . , Y k G V* by 

pn-i p-i 

Y i = E ^ ■ ^ = E c"^; ■ *j 

r=0 r=0 

for 2 < j < k. It follows that 

A :Yx^CphYx, Y^Yi, fori^l, 

/3j : ^ C^"j, *i ^ ^i, for i ^ j and 2 < j < k. 

Thus Vi = ©K^xfc K ■ Yj is a representation space of the subgroup Hi. In the same 
way we can construct a representation space Vj of the group Hj for any j '■ 2 < j < s. 
Therefore, K . <S Vj is a representation space of the subgroup H. 

Define 1 ■ Yj for 1 < j < k, < % < p — 1. Recall that a] = 0j-%. Hence 

It follows that 

(3i : Xu i — y Cp'iXu, Xji i — y (^-^Xji, for 2 < j < k and < % < p — 1, 
/3j : x« i — ^ x«, x m j i — y (( m -j'Xji, for 1 < £ < j — l,j < m < k and < i < p — 1, 
a : Xj i — ^ i — ^ ■ ■ • i — ^ Xjp-i ^ C p *j x jo, f° r 1 < .7 < 

where cij , are some integers such that < bj < p ai < p n . 

Clearly, W\ = ®^ i K ■ x^ C V* is the induced G-subspace obtained from V\. In the 
same way we can construct the induced subspaces Wj obtained from Vj. We find that 
W = (Bi<j< s Wj is a faithful G-subspace of V*. Thus, by Theorem 12.11 it suffices to 
show that W G is rational over K. 

Next, we will consider the actions of G on W\. 
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Step 2. For 1 < j < k and for 1 < i < p — 1 define yji = Xji/xji-i. Thus 
W\ = K(xjo, yji : 1 < j < k, 1 < i < p — 1) and for every g E G 

g ■ x j0 e K(y ji : 1 < j < k, 1 < i < p - 1) • x j0 , for 1 < j < k 

while the subfield K(yji : 1 < j < k, 1 < i < p — 1) is invariant by the action of G, i.e., 

(i-l) 

A : 2/ii H> yu, yji ^ C Kj ~ 2j Vjh for 2 < j < /c and 1 < i < p - 1, 

/9j : i ^ y«, i-> C^'^Vji, for 1 < £ < j - l,j < m < and 1 < i < p - 1, 

a : %i ' ^ 2/j"2 ' ^ " ' ' ' ^ %p-i >->■ C p «j (%i • • • %>-i)~\ fo r 1 < J < k. 

From Theorem 12.21 it follows that if K(yji :l<j<k,l<i<p — 1) G is rational over 
K, so is K(xjQ, yji : 1 < j < k, 1 < i < p — 1) G over K. 

Since if contains a primitive p e -th root of unity £ p e where p e is the exponent of G, 
K contains as well a primitive p aj+1 -th root of unity, and we may replace the variables 
yji by yji/C so that we obtain a more convenient action of a without changing the 
actions of /3j's. Namely we may assume that 

(4.1) a : y jX ^ y j2 h> • • • h> y iP _ x \-> (y jl y j2 ■ ■ ■ Vjp-i)' 1 for 1 < j < k. 

Define u kl = y p kl ,u ki = y k i/yu-i for 2 < z < p - 1. Then K(yji,u ki : 1 < j < 
k - 1, 1 < i < p - 1) = : 1 < j < k, 1 < i < p - 1) <&) . From Theorem O 

it follows that if K(yji, u k i : 1 < j < k — 1, 2 < z < p — 1) G is rational over K, so is 
K(yji, u k i '■ 1 < j < k — 1, 1 < z < p — 1) G over if. We have the following actions 

/3j : Mfej i — y ((-k-i-^Uki, for 2 < i < p — 1 and 1 < j < k — 1, 

« : U k2 H> Mfc3 H> • • • l-> Mfcp-l l-> {UklU P k 2 U P k z 2 • • • l-> MfclMfcs 2 «fc3 3 " " " u lp- 2 u kp~l- 

For 2 < z < p — 1 define 

^fci = u ki y k _ liyk _ 2t y k _ ?ji ■ ■ ■ y u y 3i y 2i 

With the aid of the well known property ( n ) — ( n ~ ) = (^Zt) 5 ^ i s no ^ hard to verify 
the following identity 

:: a ,)-C:i)-C"-i)-G"-i)— 

It follows that 

(3j : v ki h-> f^, for 2 < i < p — 1 and 1 < j < A; — 1, 
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a : v k2 i-)> v k3 h-» ■ ■ ■ w fcp _ 1 A fc • (v kiv p k 2 l v p k ~ 2 ■ ■ ■ vl^)" 1 , 

where A k is some monomial in y^ for 2 < j < k — 1, 1 < z < p — 1. 

It is obvious that we can proceed in the same way defining elements v^-n, ■ ■ ■ , v u 
such that (3j acts trivially on all tVm's and the action of a is given by 

(4 ' 2) 

where A m is some monomial in vu, . . . , i> m -ii for 2 < m < k and A\ = 1. Note that 

K( Vji ) = K( yjl ) H K 

We will "linearize" the above action generalizing Kang's argument from |Ka2l Case 
5, Step II]. 

Step 3. We write the additive version of the multiplication action of a in formula 
( 14. ip . i.e., consider the Z[7r]-module M = ®i< m <fc(©i<i< P -iZ • tym) corresponding to 
( 14. 2ft . where 7r = (a). Denote the submodules Mj = © 1<m <j(©i<i< P -iZ ■ v mi ) for 
1 < j < A;. Thus a has the following additive action 

a : v jl i y Vji +pv j2 , 

Vj2 ^ V j3 !->■ ■ • • !->■ !->■ Aj - U,l - (p - 1)%2 - (P - 2)U,'3 2^ p _i, 

where Aj G Mf_i. 

By Lemma 12.41 Mi is isomorphic to the Z[7r]-module A" = ©i<j< p _iZ • Sj where 
si = fi2, Si = a 4-1 • V\2 for 2 < i < p — 1, and 

a '. S\ i — y &2 i — ^ ■ ■ ■ i — y s p _i i — y —s\ — S2 — ■ ■ ■ — s p _i \-y s\. 

Let $ P (T) G Z[T] be the p-th cyclotomic polynomial. Since Z[7r] — Z[T]/T P — 1, we 
find that Z[7r]/$ p (a) ~ Z[T]/$ P (T) ~ Z[w], the ring of p-th cyclotomic integer. As 
$ p (a) • x = for any x G N, the Z[7r]-module A" can be regarded as a Z[w]-module 
through the morphism Z[V] — > Z[7r]/3> p (at). When A" is regarded as a Z[o;]-module, 
AT ~ Z[tu] the rank-one free Z[w]-module. 

We claim that M itself can be regarded as a Z[c<;] -module, i.e., $ p (a) ■ M = 0. 

Return to the multiplicative notations in Step 2. Note that all Vji's are mono- 
mials in jjjiS. The action of a on given in formula (14. ip satisfies the relation 
rio<m<p-i aTn (yji) = 1 f° r an y l<j<k,l<i<p — 1. Using the additive notations, 
we get $ p (a) • y }i = 0. Hence <E> p (a) • M — 0. 
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Define M' = M/Mk-i. It follows that we have a short exact sequence of Z[7r]-modules 
(4.3) -> .\/ ; , ; -> M -> M' -> 0. 

Since M is a Z[w] -module, (14.31) is a short exact sequence of Z[o;]-modules. Proceeding 
by induction, we obtain that M is a direct sum of free Z[a;]-modules isomorphic to N. 
Therefore, M ~ ®i<j<kNj, where Nj ~ AT is a free Z[a;]-module, and so a Z[7r]-module 
also (for 1 < j < k). 

Finally, we interpret the additive version of M ~ ©i<j<fc^Y? ~ A^ fc it terms of the 
multiplicative version as follows: There exist Wji that are monomials in Vji for 1 < j < 
k,l < i < p — 1 such that K{wjj) = K(vji) and a acts as 

a : Wji h-> Wj 2 !->••••'->■ Wj P _i i — ^ (wjiWj 2 ■ ■ ■ Wjp-i) -1 for 1 < j < fc. 

According to Lemma I2.4[ the above action can be linearized. Since H ~ H i x • - ■ x H s 
for some normal subgroups Hj of G, we obtain that W H is a A"-free compositum of 
fields having a linear action of a. Therefore, W G is rational over K. We are done. 
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